In this short note, we extend Faugére's F 4 -algorithm for computing Gröbner bases to polynomial rings with coefficients in an Euclidean ring. Instead of successively reducing single S-polynomials as in Buchberger's algorithm, the F 4 -algorithm is based on the simultaneous reduction of several polynomials.
Definition 1.
A polynomial ∈ R[ 1 ], = 0, is written in a unique way as a sum of non-zero terms = 
is the leading ideal of G.
Definition 2.
Let
is called a Gröbner basis of I with respect to > if G ⊂ I and L (I) = L (G).
Definition 3.
Let H ⊂ R[ 1 ] be a finite set. Then H is called interreduced if 1. for all ∈ H, = , the leading term LT ( ) does not divide LT ( ), and,
if LM ( ) | LM ( ), then LC ( ) mod LC ( ) = LC ( ).
The existence of a set of interreduced generators of H is given by the following algorithm.
Algorithm 3.1 Interreduce (H)
Input: H a set of polynomials.
Algorithm 3.2 F 4 (G)
Input: G a set of polynomials, S a selection strategy 1 Output: A Gröbner basis G for G .
Proposition 4.

The algorithm F 4 terminates and the result is a Gröbner basis of the ideal generated by its input.
Proof. The termination is a consequence of the noetherian property of R[ 1 ]: whenever G is enlarged, the leading ideal L(G) is enlarged properly. This terminates after finitely many steps.
That G is a Gröbner basis of the ideal generated by the input follows from Buchberger's criterion [5] . Namely, the normal form of the S-polynomial of any two elements of G with respect to G is zero. This holds because for ∈ G, E = 
Example 5.
Let R = Z, let > be the degrevlex ordering, and consider the ideal
In a test implementation of the F 4 -algorithm in the computer algebra system S , precisely 91 additions of polynomials are needed, whereas Buchberger's algorithm in S [6] 
Remark 6.
In the discussion above, we presented the idea of Faugére's algorithm in its simplest form to make the principle understandable. For an efficient implementation, one should keep the pair set as small as possible using criteria such as Buchberger's chain and product criterion (cf. [5] ).
